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Abstract
Various topological properties of projective duality between real projective varieties and their duals are
obtained by making use of the microlocal theory of (subanalytically) constructible sheaves developed
by Kashiwara [M. Kashiwara, Index theorem for constructible sheaves, Astérisque 130 (1985) 193–209]
and Kashiwara–Schapira [M. Kashiwara, P. Schapira, Sheaves on Manifolds, Grundlehren Math. Wiss.,
vol. 292, Springer, Berlin–Heidelberg–New York, 1990]. In particular, we prove in the real setting some
results similar to the ones proved by Ernström in the complex case [L. Ernström, Topological Radon trans-
forms and the local Euler obstruction, Duke Math. J. 76 (1994) 1–21]. For this purpose, we describe the
characteristic cycles of topological Radon transforms of constructible functions in terms of curvatures of
strata in real projective spaces.
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Since the beginning of the theory, projective duality has been one of the main themes in
algebraic geometry. Many mathematicians were interested in the mysterious relations between
the topologies of complex projective varieties V and their duals V ∗. Above all, they observed
that the tangency of a hyperplane H ∈ V ∗ with V is related to the singularity of the dual V ∗
at H . For example, an inflection point of a plane curve C corresponds to a cusp of the dual
curve C∗, and a bitangent (double tangent) l ∈ C∗ of C is an ordinary double point of C∗. The
most general results for complex plane curves were found in the 19th century by Klein, Plücker
and Clebsch, etc. (see, for example, [30, Theorem 1.6] and [34, Chapter 7], etc.). This beautiful
symmetry between complex plane curves and their duals was extended to higher-dimensional
cases in the last two decades. In particular, after the important contributions by Viro [33], Dimca
[7] and Parusinski [25], etc., in 1994 Ernström [8] proved the following remarkable result. For an
algebraic variety V , denote by EuV :V → Z the Euler obstruction of V introduced by Kashiwara
[15] and MacPherson [20] independently. Recall that this constructible function EuV measures
the singularity of V at each point of V and takes the value 1 ∈ Z on the regular part of V . If we
take a Whitney stratification
⊔
α∈A Vα of V , then the value of this function on a stratum Vα′ is
defined by those on Vα’s such that Vα′ ⊂ Vα (see [16] for the detail).
Theorem 1.1. [8, Corollary 3.9] Let V be a smooth projective variety in a complex projective
space of dimension n and V ∗ its dual. Take a generic hyperplane H , i.e. a hyperplane not be-
longing to V ∗. Then for any hyperplane H ′ ∈ V ∗, we have
χ(V ∩H ′)− χ(V ∩H)= (−1)n−1+dimV−dimV ∗ EuV ∗(H ′).
Namely the jumping number χ(V ∩ H ′) − χ(V ∩ H) of the Euler–Poincaré index of the
hyperplane section V ∩ H ′ by H ′ ∈ V ∗ is expressed by the singularity EuV ∗(H ′) of the dual
variety V ∗ at H ′ ∈ V ∗. Moreover we have now several important theorems (the class formulas)
which express the degree of the dual V ∗ in terms of the topological data of V . For these results,
we refer to an excellent review in Tevelev [30, Chapter 10] (see also [22]).
The aim of this paper is to initiate the microlocal study of projective duality for real projective
varieties, and prove analogous results in the real analytic setting. Let X = Pn be a real projective
space of dimension n and Y = P∗n its dual. Recall that Y is naturally identified with the set of
hyperplanes H in X. In this situation, for a smooth real analytic submanifold M of X we shall
define its dual M∗ as a closed subanalytic subset of Y in the following way. Let S = {(x,H) ∈
X × Y | x ∈ H } be the incidence submanifold of X × Y and consider the maps f :S → X,
g :S → Y induced by the projections from X × Y to X and Y respectively. We use the notation
T˙ ∗X to denote the cotangent bundle T ∗X with its zero section T ∗XX removed. Similarly we
denote T˙ ∗Y , T˙ ∗S (X × Y), etc. Consider the diagram
T ∗S (X × Y)
p1 p2a
T ∗X T ∗Y
in which p1 and p2a are induced by the maps
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∗X × T ∗Y → T ∗X,
pa2 :T
∗X × T ∗Y −→
p2
T ∗Y ∼−→
αT ∗Y
T ∗Y
(αT ∗Y is the antipodal map of T ∗Y ). Then outside the zero sections we obtain isomorphisms
T˙ ∗S (X × Y)
p˜1
∼
p˜2a
∼
T˙ ∗X T˙ ∗Y.
We set Φ = p˜2a ◦ p˜1−1 : T˙ ∗X ∼−→ T˙ ∗Y . In the standard affine charts of X and Y , the isomorphism
Φ thus obtained is nothing but the classical Legendre transform. Let us now define the dual
M∗ ⊂ Y of the smooth real analytic submanifold M ⊂ X by M∗ = (π˙Y ◦ Φ)(T˙ ∗MX), where
π˙Y : T˙
∗Y → Y is the projection. Then M∗ is a closed subanalytic subset of Y . Namely, our dual
M∗ is a projection of a smooth conic Lagrangian submanifold Λ = Φ(T˙ ∗MX) of T˙ ∗Y to the
base space Y . The study of singular sets defined in this way, called Legendre singularities, has
a long history. They were precisely studied especially in relation with the theory of geometric
optics (see for example Arnold [1], Arnold, Gusein-Zade and Varchenko [2] and Urabe [32],
etc.). Since we are working in the subanalytic category, the dual M∗ = π˙Y (Λ) has moreover
the following desirable property. Denote by M∗reg the regular (or smooth) part of M∗. Then we
have Λ = T ∗M∗regY in T˙ ∗Y . This result will be proved in Section 5 with the aid of μ-stratifications
introduced in [19, Definition 8.3.19] by Kashiwara–Schapira. Note that our definition of duals
coincides with the usual (classical) one. Namely, our dual M∗ is the trajectory of hyperplanes
H ∈ Y = P∗n in X = Pn tangent to M .
Now let us define a (subanalytically) constructible function ϕM :Y → Z on Y by assigning to
each hyperplane H ∈ Y the Euler–Poincaré index ϕM(H) = χ(M ∩ H) of the hyperplane sec-
tion M ∩H . Our objective is to study this important function in the light of the microlocal theory
of R-constructible sheaves (functions) invented by Kashiwara [17] and Kashiwara–Schapira [19].
More precisely, if we denote by CF(X) (respectively CF(Y )) the abelian group of (subana-
lytically) constructible functions on X (respectively on Y ) and consider the topological Radon
transform
RS : CF(X) → CF(Y )
defined byRS(ϕ)=
∫
f
g∗ϕ for ϕ ∈ CF(X) (see [19, Chapter IX] or Sections 2 and 3 for the def-
initions of
∫
f
and g∗), then the function ϕM is equal to the topological Radon transformRS(1M)
of the characteristic function 1M ∈ CF(X) of M . Thus, the full machinery of the microlocal the-
ory of sheaves can be applied to study the function ϕM =RS(1M). In Theorems 5.13 and 5.14,
we show that if the value ϕM(H) = χ(M ∩ H) of the function ϕM at a point H ∈ Y \ M∗ is
given then we can express the value ϕM(H ′) = χ(M ∩H ′) at any H ′ ∈ M∗ in terms of the sin-
gularity of the dual set M∗ at H ′. In order to state a part of this main result quickly, assume
moreover that the values of ϕM on Y \M∗ and M∗reg are already given. Then we can completely
determine the whole function ϕM by the following theorem. For a relatively compact subanalytic
open subset U in Y , we define the Euler integral
∫
ϕ of ϕ ∈ CF(Y ) over U by ∫ ϕ = χ(U ;F),U U
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R−c(X) is an R-constructible sheaf such that the function obtained by taking the
local Euler–Poincaré indices of F is ϕ. In fact, we can define this integral without using sheaves.
However for this purpose, we have to slightly generalize the definition of the usual Euler integrals
of [19, Chapter IX]. See Definition 5.10 for the detail.
Theorem 1.2. Let Y = ⊔α∈A Yα be a μ-stratification (for the definition see [19, Defini-
tion 8.3.19]) of Y consisting of connected strata Yα’s and adapted to M∗. Then the function
ϕM is constant on each stratum Yα . Assume moreover that for k  codimM∗, the values of ϕM
on the strata Yα’s such that codimYα  k are already determined. Then for any stratum Yβ such
that codimYβ = k + 1, the value of ϕM on Yβ is given by∫
B(y,ε)∩{ψ<0}
ϕM, (1.1)
where B(y, ε) is a small open ball centered at a point y ∈ Yβ and ψ is a real-valued real analytic
function defined in a neighborhood of y satisfying ψ−1(0) ⊃ Yβ and
(
y;gradψ(y)) ∈ T˙ ∗Yβ Y∖( ⋃
α =β
T ∗YαY
)
.
Note that, thanks to [19, Corollary 8.3.24] we can always take a function ψ satisfying the
above conditions. Moreover, since by the result [31] of Trotman the μ-condition of [19] is equiv-
alent to the so-called w-regularity condition, we can easily calculate the Euler integral (1.1)
above by using a constructible sheaf over the open semi-ball B := B(y, ε)∩ {ψ < 0} which cor-
responds to ϕM |B . Namely, with the topological Euler characteristics χ , the Euler integral (1.1)
is expressed by ∑
α: Yα∩B =∅
ϕM(Yα)
{
χ(Yα ∩B)− χ(∂Yα ∩B)
}
.
Comparing the above recursive formula for the determination of ϕM = RS(1M) with the de-
finition of Euler obstructions in [16], we find a striking similarity between this theorem and
Ernström’s one. Indeed our theorem is proved along the same line as in [8], although the
proof requires more general theories developed by [17,19]. First, to the constructible function
1M ∈ CF(X) (respectively ϕM = RS(1M) ∈ CF(Y )), we associate a conic subanalytic La-
grangian cycle, called the characteristic cycle of 1M (respectively of ϕM ), in the cotangent bundle
T ∗X (respectively T ∗Y ). Then we see that the characteristic cycle of 1M , i.e. the conormal cycle
[T˙ ∗MX] is sent to a multiple ε[Φ(T˙ ∗MX)] (ε = ±1) of [Φ(T˙ ∗MX)] = [T˙ ∗M∗regY ] by the microlocal
Radon transform RμS = (g∗ ◦ f ∗) (for the definition, see Sections 2, 3 or [19, Chapter IX]). In
fact, this is just a very special case of the following more general result. Denote by LX and LY
the sheaf of conic subanalytic Lagrangian cycles in T ∗X and T ∗Y respectively. Then it is well
known that the microlocal Radon transform RμS induces an isomorphism
Γ (T˙ ∗X;LX) ∼−→ Γ (T˙ ∗Y ;LY )
(see Proposition 3.4). In Section 4, combining the methods of the second fundamental forms
developed by Griffiths–Harris [11] and Fischer–Piontkowski [9], etc. with the theory of simple
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principal curvatures of M with respect to the canonical metric of the real projective space X = Pn
(a similar calculation for topological integral transforms associated with the Legendre transform
was done also in [29]). Also this result will be proved in a more general setting. Namely consider
a general constructible function ϕ on X and take a μ-stratification X =⊔α∈AXα of X adapted
to ϕ. Then, in Theorem 4.5, we completely describe the signs in the characteristic cycle ofRS(ϕ)
by the principal curvatures of the strata Xα’s. It would be clear that these results are the “real”
analogues of previous ones obtained by Brylinski [4], D’Agnolo–Schapira [6] and Ernström [8],
etc. in the complex case. Finally, to write down the constructible function ϕM =RS(1M) by its
characteristic cycle RμS ([T˙ ∗MX]) = ε[T˙ ∗M∗regY ] and prove Theorem 1.2, our slight modification of
Euler integrals in Definition 5.10 will be effectively used. If we apply the same arguments to
the complex case, we can give a more transparent new proof to the main theorems of Ernström
[8] (see Remark 4.6). Note that in the real case the codimension of the dual set M∗ in Y = P∗n is
usually equal to one. So, in general the values of ϕM on various connected components of Y \M∗
may be different from each other. This means that the real projective duality treated in this paper
is much subtler than the complex case studied by [8]. However in Theorem 5.14, we completely
describe these differences in terms of the curvatures of M∗ in Y = P∗n.
Finally, let us mention that in our forthcoming papers, the results obtained in this paper will
be extended into various directions. In [24], we study topological Radon transforms defined by
Euler integrals over lower-dimensional linear subspaces in X = Pn. Also some generalizations
of class formulas for complex projective varieties were proved in [22,23].
2. Review and preliminaries
In this section, we briefly recall the theory of characteristic cycles of constructible sheaves
and constructible functions. The main reference is [19, Chapter IX] by Kashiwara–Schapira and
we will follow the terminology in it throughout this paper.
For example, for a topological space X, we denote by Db(X) the derived category of bounded
complexes of sheaves of CX-modules. We also denote by ωX ∈ Db(X) the dualizing complex
of X defined by ωX := a!X(C{pt}), where aX :X → {pt} is the map to a point. If X is a topological
manifold of dimension n, this complex of sheaves on X satisfies the condition
Hj(ωX)
{
0, j = −n,
orX, j = −n,
where orX is the orientation sheaf of X. Namely we have an isomorphism ωX  orX[n] in Db(X)
in this case.
2.1. Characteristic cycles
Let X be a real analytic manifold and F a sheaf of CX-modules on it. Then we say that F is
an R-constructible sheaf if there exists a stratification X =⊔α∈AXα of X by smooth subanalytic
manifolds Xα’s such that the restriction F |Xα to each stratum Xα is a locally constant sheaf of
finite rank over CXα . In this paper, whenever we consider a stratification X =
⊔
α∈AXα of X,
we assume that any stratum Xα in it is connected. We denote by DbR−c(X) the full subcategory
of Db(X) consisting of objects with R-constructible cohomology sheaves.
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Poincaré index
χ(X;F) =
∑
j∈Z
(−1)j dimHj(X;F)
of F ∈ Db
R−c(X) in terms of a Lagrangian cycle CC(F ) in the cotangent bundle T ∗X of X. More
precisely, this Lagrangian cycle is an element of the local cohomology group H 0Λ(T ∗X;π−1X ωX)
supported by a closed conic (i.e. R>0-invariant) subanalytic Lagrangian subset Λ ⊂ T ∗X, where
πX :T
∗X → X is the projection. Since we have
H 0Λ
(
T ∗X;π−1X ωX
) HnΛ(T ∗X;π−1X orX) (n = dimX = codimT ∗X Λ),
CC(F ) is locally a top-dimensional Borel–Moore homology cycle in Λ. This Lagrangian cycle
CC(F ) ∈H 0Λ(T ∗X;π−1X ωX) is called the characteristic cycle of F .
Although the definition of CC(F ) in [19] involves a very special bifunctor μhom(·,·):
Db(X)op × Db(X)→ Db(T ∗X), here we follow the original approach by Kashiwara [17].
First, we define the sheaf LX of Lagrangian cycles on T ∗X by
LX = lim−→
Λ
H 0RΓΛ
(
π−1X ωX
)
,
where Λ ranges through the family LX of closed conic subanalytic Lagrangian subsets of T ∗X.
Then for Λ ∈ LX we have an isomorphism
H 0Λ
(
T ∗X;π−1X ωX
) ΓΛ(T ∗X;LX).
We are going to define CC(F ) as a section of LX whose support is contained in the micro-
support Λ = SS(F ) ⊂ T ∗X of F . We take an open subanalytic subset Ω ⊂ T ∗X such that Λ∩Ω
is an open dense manifold in Λ and for each connected component Λi of Λ∩Ω =⊔i∈I Λi , there
exists a submanifold Xαi ⊂ X satisfying the condition Λi ⊂ T ∗Xαi X. Since for such Ω ⊂ T
∗X
we have dim(Λ \Ω) < dimΛ and the restriction map
ΓΛ(T
∗X;LX)→ ΓΛ∩Ω(Ω;LX)
is injective, it suffices to specify the image of CC(F ) in ΓΛ∩Ω(Ω;LX). Finally for a submani-
fold Y ⊂ X, we denote by [T ∗Y X] the fundamental cycle supported by the conormal bundle T ∗Y X
(see Definition 2.3 below).
Definition 2.1. [17] We define CC(F ) ∈ ΓΛ(T ∗X;LX) to be the unique section of LX whose
restriction to Ω satisfies the property
CC(F ) = mi[T ∗Xαi X]
in an open neighborhood of Λi in T ∗X for any i ∈ I . Here mi is an integer defined by
mi =
∑
(−1)j dimHj (RΓ{ψψ(xαi )}(F )xαi )
j∈Z
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the conditions:
(a) (xαi ;gradψ(xαi )) ∈Λi ⊂ T ∗Xαi X.(b) The Hessian of ψ |Xαi at the point xαi ∈Xαi is positive definite.
Next, we recall the functorial properties of characteristic cycles of constructible sheaves. Let
f :X → Y be a morphism of real analytic manifolds and consider the natural maps
T ∗X←−
tf ′
X ×Y T ∗Y −→
fπ
T ∗Y
associated with it. Then for a closed conic subanalytic isotropic subset ΛX of T ∗X (respectively
ΛY of T ∗Y ) such that fπ is proper on ( tf ′)−1(ΛX) (respectively tf ′ is proper on f−1π (ΛY )),
there exists a natural morphism
f∗ :H 0ΛX
(
T ∗X;π−1X ωX
)→H 0
fπ ( tf ′)−1(ΛX)
(
T ∗Y ;π−1Y ωY
)
(
respectively f ∗ :H 0ΛY
(
T ∗Y ;π−1Y ωY
)→ H 0
tf ′f−1π (ΛY )
(
T ∗X;π−1X ωX
))
.
Proposition 2.2. [19, Propositions 9.4.2 and 9.4.3] Let F ∈ Db
R−c(X) (respectively G ∈
Db
R−c(Y )) and assume that f is proper on suppF (respectively tf ′ is proper on f−1π (SS(G))).
Then we have CC(Rf∗F) = f∗CC(F ) (respectively CC(f−1G) = f ∗CC(G)).
Having these operations of Lagrangian cycles at hands, we are ready to define the fundamental
cycle [T ∗Y X] ∈ ΓT ∗Y X(T ∗X;LX) of the conormal bundle to a closed submanifold Y ⊂ X.
Definition 2.3. [19, Example 9.3.4]
(i) For the 0-dimensional manifold {pt}, since we have L{pt} = C, we denote by [pt] the La-
grangian cycle in T ∗{pt}  {pt} which corresponds to 1 ∈ C.
(ii) For a real analytic manifold X (aX :X → {pt}), we set
[T ∗XX] = a∗X[pt] ∈ ΓT ∗XX(T ∗X;LX).
(iii) For a closed embedding of a real analytic manifold f :Y ↪→X, we set
[T ∗Y X] = f∗[T ∗Y Y ] ∈ ΓT ∗Y X(T ∗X;LX).
In subsequent sections, the fundamental cycles [T ∗Y X] of conormal bundles T ∗Y X will play a
crucial role in the study of real projective duality. For a closed submanifold Y ⊂ X, we consider
the sheaf CY as an object in DbR−c(X). Then by definition we have
CC(CY ) = [T ∗Y X].
Moreover the map
CC(·) : Db
R−c(X)→ Γ (T ∗X;LX)
evidently satisfies the following properties.
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R−c(X). Then for any k ∈ Z we have
CC
(
F [k])= (−1)kCC(F ).
(b) Let F ′ → F → F ′′ +1−→ be a distinguished triangle in Db
R−c(X). Then
CC(F ) = CC(F ′)+ CC(F ′′).
Let us define the Grothendieck group KR−c(X) of DbR−c(X) to be the quotient of the free abelian
group generated by the objects in Db
R−c(X) by the relations
F = F ′ + F ′′ (F ′ → F → F ′′ +1−→ is a distinguished triangle).
Then by the property (b) above, we obtain a group homomorphism
CC(·) : KR−c(X) → Γ (T ∗X;LX).
This morphism is in fact an isomorphism. See [19, Chapter IX] for the proof.
2.2. Constructible functions
We shall introduce the calculus of constructible functions developed by Kashiwara–Schapira
[19], Schapira [26] and Viro [33].
Let X be a real analytic manifold.
Definition 2.4. We say that a Z-valued function ϕ :X → Z is constructible if it satisfies the
following equivalent conditions:
(i) There exists a stratification X =⊔α∈AXα of X by subanalytic submanifolds Xα’s such that
ϕ|Xα is constant for each α ∈A.
(ii) There exists a locally finite family of compact subanalytic subsets {Kβ}β∈B such that
ϕ =
∑
β∈B
mβ1Kβ .
Here mβ ∈ Z and 1Z is the characteristic function of the subset Z.
We set CF(X) = {ϕ :X → Z | ϕ is constructible}.
For F ∈ Db
R−c(X), the function χ(F ) :X → Z defined by taking the local Euler–Poincaré
index
χ(F )(x) =
∑
(−1)j dimHj(Fx)
j∈Z
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χ : KR−c(X)→ CF(X). (2.1)
Theorem 2.5. [19, Theorem 9.7.1] χ is an isomorphism.
We recall basic operations of constructible functions. These operations are induced by those
of constructible sheaves through this Euler–Poincaré index χ .
Definition 2.6. Let X and Y be real analytic manifolds and f :X → Y a real analytic map.
(i) For a constructible function ϕ ∈ CF(X) with compact support, we define the Euler (topo-
logical) integral of ϕ by ∫
X
ϕ = χ(X;F) ∈ Z,
where F ∈ KR−c(X) such that χ(F ) = ϕ. This Euler integral
∫
X
ϕ can be calculated more
easily as follows. If ϕ =∑α∈Amα1Kα for a family of locally finite compact subanalytic
subsets {Kα}α∈A as in Definition 2.4(ii), then we have∫
X
ϕ =
∑
α∈A
mαχ(Kα).
(ii) Let ϕ ∈ CF(X). Assume that f : supp(ϕ) → Y is proper. We define the direct image∫
f
ϕ ∈ CF(Y ) of ϕ by
(∫
f
ϕ
)
(y) =
∫
X
ϕ · 1f−1(y).
Note that if moreover X is compact, the following diagram is commutative.
KR−c(X)
Rf∗
χ 
KR−c(Y )
χ
CF(X) ∫
f
CF(Y ).
(iii) Let ψ ∈ CF(Y ). We define the inverse image f ∗ψ ∈ CF(X) of ψ by
(f ∗ψ)(x) = ψ(f (x)).
Clearly this operation is also compatible with the one f−1 : KR−c(Y ) → KR−c(X) for con-
structible sheaves.
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CC(ϕ) = CC(F ),
where F ∈ KR−c(X) such that χ(F ) = ϕ.
3. Microlocal topological Radon transforms
In this section, we present some basic results on the topological Radon transforms of La-
grangian cycles. It seems that the corresponding results for constructible sheaves are implicitly
known to specialists (in the real analytic setting especially after Kashiwara–Schapira [19]). How-
ever, it is hard to find them explicitly in the literature and moreover they were not yet proved
directly in the framework of Lagrangian cycles as in Proposition 3.4.
Let X and Y be two real analytic manifolds and S a closed submanifold of X×Y . We consider
the following commutative diagram:
X × Y
p1 p2
S
f g
X Y,
(3.1)
where p1 and p2 are the first and second projections respectively. In this setting, the topological
Radon transform RS(ϕ) of a constructible function ϕ ∈ CF(X) on X is defined by
RS(ϕ) =
∫
g
f ∗ϕ =
∫
p2
1S · p∗1ϕ.
Then we obtain a group homomorphism RS : CF(X) → CF(Y ).
In the special case where
X = Pn =
{
l ⊂ Rn+1 | l is a real line s.t. 0 ∈ l}
(the n-dimensional real projective space),
Y = Gn,k =
{
L ⊂ Rn+1 | L is a (k + 1)-dimensional linear subspace in Rn+1}
(the real Grassmann manifold (1 k  n− 1)) and
S = {(l,L) ∈ X × Y | 0 ∈ l ⊂ L ⊂ Rn+1}
(the incidence submanifold), topological Radon transforms were studied by many mathemati-
cians (see, for example, [4,5,8,21,27,33], etc.). In order to study them microlocally, we follow
the approach in [6].
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smooth proper) morphism. Then we obtain natural morphisms
T ∗X−
fπ
S ×X T ∗X ↪−→
tf ′
T ∗S,
T ∗Y−
gπ
S ×Y T ∗Y ↪−→
tg′
T ∗S.
Therefore we may consider S ×X T ∗X and S ×Y T ∗Y as closed submanifolds of T ∗S. We
shall describe the intersection (S ×X T ∗X) ∩ (S ×Y T ∗Y) in T ∗S using the conormal bundle
T ∗S (X × Y) ⊂ T ∗(X × Y). First, let us set
Δg =
{
(s, y) ∈ S × Y | y = g(s)}⊂ S × Y.
Note that Δg is the image of the graph embedding idS × g :S ↪→ S × Y of S. Similarly we set
Δ˜f =
{
(x, s) ∈X × S | x = f (s)}⊂ X × S.
Then we get natural isomorphisms
S ×X T ∗X  T ∗˜Δf (X × S),
S ×Y T ∗Y  T ∗Δg(S × Y).
If we consider the fiber product T ∗˜
Δf
(X × S)×T ∗S T ∗Δg(S × Y) defined by the maps
T ∗˜
Δf
(X × S) ↪→ T ∗X × T ∗S−→
p2
T ∗S,
T ∗Δg(S × Y) ↪→ T ∗S × T ∗Y −→p1 T
∗S,
then we have T ∗˜
Δf
(X×S)×T ∗S T ∗Δg (S×Y) ⊂ T ∗X×T ∗S×T ∗Y . Denote by αT ∗Y the antipodal
map of the cotangent bundle T ∗Y . The following result was found by D’Agnolo–Schapira [6,
p. 363].
Lemma 3.1. [6] Let p13 be the projection T ∗X×T ∗S ×T ∗Y → T ∗X×T ∗Y . Then p13 induces
a closed embedding T ∗˜
Δf
(X × S)×T ∗S T ∗Δg(S × Y) ↪→ T ∗X × T ∗Y . Moreover the image of this
map is (idT ∗X × αT ∗Y )(T ∗S (X × Y)) ⊂ T ∗(X × Y).
Hence we finally obtain the identification
(S ×X T ∗X)∩ (S ×Y T ∗Y)  (idT ∗X × αT ∗Y )
(
T ∗S (X × Y)
)=: T ∗S (X × Y)a.
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use the diagram
T ∗X S ×X T ∗X
fπ
tf ′
T ∗S (X × Y)
h
k
T ∗S S ×Y T ∗Y
tg′
gπ
T ∗Y,
whose upper-right square is of Cartesian.
Proposition 3.2. Assume that the intersection of S×X T ∗X and S×Y T ∗Y in T ∗S is transversal.
Then there exists an isomorphism
h−1f−1π
(
π−1X ωX
) k!g!π (π−1Y ωY )
in the derived category Db(T ∗S (X × Y)).
Proof. First recall that the cotangent bundles T ∗X, T ∗S and T ∗Y are orientable. We give
them the standard orientations εT ∗X , εT ∗S and εT ∗Y respectively. If (x1, . . . , xn; ξ1, . . . , ξn) is
a local coordinate system of T ∗X, then this orientation εT ∗X is locally defined by the form
dx1 ∧ · · · ∧ dxn ∧ dξ1 ∧ · · · ∧ dξn. Consequently there exist natural isomorphisms π−1X ωX 
π !XCX = ωT ∗X/X , π−1S ωS  ωT ∗S/S , etc. Therefore we get a chain of isomorphisms
h−1f−1π
(
π−1X ωX
)  h−1f−1π ωT ∗X/X  h−1ωS×XT ∗X/S  h−1( tf ′)!ωT ∗S/S
∼−→ k!( tg′)−1ωT ∗S/S.
To show the last isomorphism, we used the transversality of the intersection (S ×X T ∗X) ∩
(S ×Y T ∗Y) and the fact that the cohomology sheaves of ωT ∗S/S are locally constant.
Let us consider the commutative diagram
T ∗S
πS
S ×Y T ∗Y
tg′ gπ
π
T ∗Y
πY
S
g
Y.
Then we finally get
k!
(
tg′
)−1
ωT ∗S/S  k!
(
tg′
)−1
π−1S ωS  k!π−1ωS = k!π−1g!ωY  k!g!π
(
π−1Y ωY
)
.
This completes the proof. 
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T ∗S (X × Y)
p1 p2a
T ∗X T ∗Y,
where p1 and p2a are induced by the projections
p1 :T
∗X × T ∗Y → T ∗X,
pa2 :T
∗X × T ∗Y −→
p2
T ∗Y ∼−→
αT ∗Y
T ∗Y
(αT ∗Y is the antipodal map of T ∗Y ). Note that pa2 is a natural projection from T ∗S (X × Y)a to
T ∗Y . Therefore we have p1 = fπ ◦h, p2a = gπ ◦ k and Proposition 3.2 implies the isomorphism
p1−1(π−1X ωX) p2a !(π−1Y ωY ).
Now, let us consider the case where X = Pn, Y = Gn,k for 1 k  n−1 and S is the incidence
manifold. In this situation, the following result is well known:
Proposition 3.3. ([4, Lemma 5.6] and [12]) Let X = Pn and Y = Gn,k for 1 k  n− 1. Then
(i) Outside the zero-sections, p1 (respectively p2a) induces a smooth map
p˜1 : T˙
∗
S (X × Y) T˙ ∗X
(respectively a closed embedding p˜2a : T˙ ∗S (X × Y) ↪→ T˙ ∗Y ).
(ii) If moreover k = n− 1 (i.e. if Y is the dual projective space P∗n of X = Pn), then these maps
are isomorphisms
T˙ ∗S (X × Y)
p˜1
∼
p˜2a
∼
T˙ ∗X T˙ ∗Y.
For the reader’s convenience, we shall briefly explain the outline of the proof of this propo-
sition. First, recall that X = Pn is a homogeneous space of the real Lie group G = SLn+1(R) by
the natural action G  X. From this, we obtain a moment map
T ∗X → g∗ = (LieG)∗.
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commutative diagram
T ∗X
πX
X × g
p1
X,
in which the horizontal arrow T ∗X ↪→ X × g is injective. If we identify the cotangent bundle
T ∗X with its image in X × g (g = sln+1(R) ⊂ gln+1(R)), then we obtain the following handy
description of T ∗X.
T ∗X = T ∗Pn 
{
(l,A) ∈ Pn × gln+1(R) | ImA ⊂ l ⊂ KerA
}
.
Similarly we have
T ∗Y  {(L,A) ∈ Gn,k × gln+1(R) | ImA⊂ L ⊂ KerA},
T ∗S (X × Y) 
{
(l,L,A) ∈ Pn × Gn,k × gln+1(R) | ImA ⊂ l ⊂ L ⊂ KerA
}
.
Moreover p˜1 (respectively p˜2a) is given simply by (l,L,A) → (l,A) (respectively (l,L,A) →
(L,−A)), from which Proposition 3.3 immediately follows.
Using Proposition 3.2, we can easily prove the following result on the Radon transforms of
characteristic cycles.
Proposition 3.4. Let X = Pn, Y = Gn,k for 1 k  n− 1 and consider the diagram (3.1). Then
the composite of the natural maps
Γ (T ∗X;LX)−→
f ∗
Γ (T ∗S;LS)−→
g∗
Γ (T ∗Y ;LY )
of Lagrangian cycles induces an isomorphism
ΓΛX(T˙
∗X;LX) ∼−→ ΓΛY (T˙ ∗Y ;LY )
for any closed conic subanalytic Lagrangian subset ΛX ⊂ T˙ ∗X and ΛY = p˜2ap˜1−1ΛX . In par-
ticular, if k = n− 1 (i.e. if Y = P∗n), we obtain an isomorphism
Γ (T˙ ∗X;LX) ∼−→ Γ (T˙ ∗Y ;LY ).
Proof. By the above handy descriptions of T ∗S (X × Y), T ∗X and T ∗Y , etc., we see that for any
s ∈ S the fibers of the vector bundles S ×X T ∗X and S ×Y T ∗Y at s intersects transversally in
T ∗s S. This implies that the hypothesis of Proposition 3.2 is satisfied. Hence we get
p˜1
−1(π−1X ωX) p˜2a !(π−1Y ωY ).
We need the following elementary lemma.
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N a closed subanalytic subset of codimension d . Assume that all the fibers of p are connected.
Then the natural morphism
HdZ(N;L ) → Hdp−1(Z)
(
M;p−1L )
is an isomorphism for any local system L on N .
By this lemma, we have formally the chain of isomorphisms
ΓΛX(T˙
∗X;LX)  H 0ΛX
(
T˙ ∗X;π−1X ωX
)
∼−→ H 0
p˜1−1(ΛX)
(
T˙ ∗S (X × Y); p˜1−1π−1X ωX
)
∼−→ H 0
p˜1−1(ΛX)
(
T˙ ∗S (X × Y); p˜2a !π−1Y ωY
)
 H 0
p˜2ap˜1−1(ΛX)
(
T˙ ∗Y ;π−1Y ωY
)
 ΓΛY (T˙ ∗Y ;LY ).
To finish the proof, we have to show that this isomorphism is induced by the morphisms
Γ (T ∗X;LX)→
f ∗
Γ (T ∗S;LS)→
g∗
Γ (T ∗Y ;LY )
of Lagrangian cycles (see [19, Proposition 9.3.2]). It is straightforward to show this. 
Now denote by Σ the image of T˙ ∗S (X × Y) by p˜2a . We know that Σ is a regular involutive
submanifold of T˙ ∗Y . Along the same line as Proposition 3.4, we can prove the following stronger
result.
Corollary 3.6. Let ΩX ⊂ T˙ ∗X be an open subset and ΛX ⊂ ΩX a closed conic subanalytic
Lagrangian subset. We also take an open subset ΩY ⊂ T˙ ∗Y such that p˜1−1(ΩX) = p˜2a −1(ΩY ).
Then for ΛY = p˜2ap˜1−1(ΛX) ⊂ Σ ∩ΩY , we have an isomorphism
ΓΛX(ΩX;LX)  ΓΛY (ΩY ;LY ).
In particular, Γ (ΩX;LX) ∼−→ ΓΣ∩ΩY (ΩY ;LY ).
As an immediate consequence of Proposition 3.4, we also have the following result. For a
Lagrangian cycle λ, we denote its support by |λ|.
Corollary 3.7. Let ϕ ∈ CF(X). Then the Radon transform RS(ϕ) of ϕ satisfies∣∣CC(RS(ϕ))∣∣= p˜2ap˜1−1∣∣CC(ϕ)∣∣
in T˙ ∗Y .
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In this section, we focus our attention on topological Radon transforms between real projective
spaces X = Pn and their duals Y = P∗n. We describe the sign changes of characteristic cycles of
constructible functions by the topological Radon transform RS : CF(X) → CF(Y ) in terms of
curvatures of strata in X. Namely, we show in Theorem 4.3 that, in order to write down the
characteristic cycle of the Radon transform of RS(ϕ) of a constructible function ϕ ∈ CF(X), it
suffices to know the signatures of curvatures of strata in the stratification X =⊔α∈AXα adapted
to ϕ. This relevance of signatures of curvatures is peculiar to the real setting. Compare this with
the results of Ernström [8] in the complex case.
Using the notations in previous sections, first recall the isomorphism
RμS = g∗ ◦ f ∗ :Γ (T˙ ∗X;LX) ∼−→ Γ (T˙ ∗Y ;LY )
obtained in Proposition 3.4. Let us call this isomorphism the microlocal Radon transform. If we
set
Φ := (p˜2a ◦ p˜1−1) : T˙ ∗X ∼−→ T˙ ∗Y,
then it follows also from Proposition 3.4 that∣∣CC(RS(ϕ))∣∣= Φ(∣∣CC(ϕ)∣∣)
in T˙ ∗Y for any ϕ ∈ CF(X). This result implies that the characteristic cycle CC(RS(ϕ)) of the
topological Radon transformRS(ϕ) of ϕ ∈ CF(X) can be described by that of ϕ outside the zero
sections. Our aim here is to give such a description. In Section 5, we apply this result to the study
of real projective duality.
4.1. Reduction of the problem
To begin with, let us fix a μ-stratification (for the definition see [19, Chapter VIII])
X =⊔α∈AXα of X adapted to the given constructible function ϕ ∈ CF(X). Then⊔α∈A T ∗XαX ⊂
T ∗X is a closed conic subanalytic Lagrangian subset and for Λ := |CC(ϕ)| we have
Λ⊂⊔α∈A T ∗XαX. In this situation, we can take an open dense subanalytic subset Ω ⊂ T˙ ∗X =
T ∗X \ T ∗XX such that
(i) Λ∩Ω is a smooth manifold and dense in Λ∩ T˙ ∗X.
(ii) Let Λ∩Ω =⊔i∈I Λi be the decomposition of Λ∩Ω into connected components. Then for
any i ∈ I , there exists αi ∈A such that Λi ⊂ T˙ ∗Xαi X.
Our task is to describe explicitly the microlocal Radon transform
RμS
(
CC(ϕ)|Λi
)= CC(RS(ϕ))∣∣Φ(Λi)
of CC(ϕ)|Λi for each i ∈ I .
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CC(ϕ)|Λi = mi[T ∗Xαi X]|Λi for some integer mi ∈ Z,
it suffices to study the microlocal Radon transform of CC(1Xαi )|Λi . Therefore, assuming that we
are given a locally closed connected subanalytic submanifold M of X = Pn such that dimM <
n = dimX, we shall study the Radon transform of 1M ∈ CF(X).
Since we have |CC(RS(1M))| = Φ(T˙ ∗MX) in T˙ ∗Y , we first study the case where Φ(T˙ ∗MX) is
contained in the conormal bundle T˙ ∗NY of a locally closed submanifold N ⊂ Y .
4.2. Curvatures of submanifolds in real projective spaces
For our purpose, we here introduce a Riemannian metric of X = Pn as follows. We consider
the natural surjective map
κ :SnX = Pn  Sn/{±1}
from the unit n-sphere Sn in Rn+1. Since the metric of Sn induced from the Euclidean one
of Rn+1 is invariant by the antipodal map of Sn, there exists a unique metric of Pn which comes
down from that of Sn. This is the canonical metric of X = Pn and for M ⊂ X we consider the
metric induced from X.
Now for two C∞-vector fields u, v on M , we denote by ∇Xu v (respectively ∇Mu v) the covariant
derivative of v by u with respect to the canonical metric of X (respectively with respect to the
induced metric of M). These two covariant derivatives are different in general. The difference
will be expressed by the second fundamental form that we introduce below.
Let (TM)⊥ be the subbundle of M ×M TX consisting of tangent vectors orthogonal to M .
Then (TM)⊥ is isomorphic to the normal bundle TMX of M in X and we have
M ×M TX  TM ⊕ (TM)⊥.
From this, we obtain a decomposition ∇Xu v = w1 + w2 of ∇Xu v ∈M ×M TX such that w1 ∈ TM
and w2 ∈ (TM)⊥. It is well known in differential geometry that w1 is equal to ∇Mu v. Moreover
by the correspondence
(u, v) → w2,
we get a well-defined symmetric bilinear form
hM(·,·)x :TxM × TxM → (TM)⊥x  (TMX)x
at each x ∈M . Thus a map
hM(·,·) :TM × TM → TMX
is obtained, which is usually called the second fundamental form of M in X.
For a covector θx ∈ (T ∗MX)x ⊂ T ∗MX, let us define a symmetric bilinear form
hM,θx (·,·) :TxM × TxM → R
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Zθx =
{ux ∈ TxM | hM,θx (ux, vx) = 0 for any vx ∈ TxM}⊂ TxM.
We call Zθx the space of nullity of the second fundamental form hM,θx . If we define a non-
negative integer r  0 by r = min{dimZθx | θx ∈ T˙ ∗MX}, then there exists an open dense subset
Ω0 ⊂ T˙ ∗MX such that dimZθx = r for any θx ∈ Ω0 (use the fact that M is connected). The
following result plays an important role in the study of projective duality of algebraic varieties.
Proposition 4.1. (Fisher–Piontkowski [9, Proposition 2.5.3]) Let θx ∈ T˙ ∗MX. Then the rank of the
map
π˙Y ◦Φ : T˙ ∗MX → Y = P∗n
at θx is (n− 1)− dimZθx .
As a consequence, there exist an open dense subanalytic subset Ω1 ⊂ T˙ ∗MX and a locally
closed (but not necessarily connected) subanalytic submanifold N of Y = P∗n of dimension
(n− 1)− r such that Φ(Ω1) ⊂ T˙ ∗NY .
Although Fisher–Piontkowski proved this proposition in the complex algebraic setting, the
proof for the real case proceeds completely in the same way as in Proposition 2.5.3 of [9].
Note that the definitions of the second fundamental forms, etc. in [9] are slightly different
from ours. For the reader’s convenience, we shall quickly review the formulations of [9] and give
the relation with ours.
In [9], instead of introducing the canonical metric of X = Pn and considering the curvature
of M itself, Fisher and Piontkowski used the cone Mˆ ⊂ Rn+1 \ {0} over M ⊂ Pn. Namely con-
sider the commutative diagram
Mˆ
τM
R
n+1 \ {0}
τX
M Pn = X
with τM and τX being smooth. For x ∈ M , take a point q ∈ Mˆ such that τM(q) = x. Then by
differentiating the Gauss map
γ
Mˆ
: Mˆ → Gn,dimM
(Mˆ  p → TpMˆ ⊂ TpRn+1 ∼−→ Rn+1) at q ∈ Mˆ , we obtain a linear map
γ ′
Mˆ,q
:TqMˆ → HomR(TqMˆ, TqRn+1/TqMˆ)
and hence a symmetric bilinear form
Iq :TqMˆ × TqMˆ → TqRn+1/TqMˆ.
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Rq ⊂ TqMˆ × TqMˆ , where we identify the line Rq in Rn+1 with a subspace of TqRn+1  Rn+1.
As a result, we get another symmetric bilinear form
Iˇq :TqMˆ/Rq × TqMˆ/Rq → TqRn+1/TqMˆ. (4.1)
On the other hand, there exist natural isomorphisms
TqMˆ/Rq
∼−→ TxM,
TqR
n+1/TqMˆ ∼−→ TxX/TxM  (TMX)x
induced by the linear maps τ ′M,q :TqMˆ TxM and τ ′X,q :TqRn+1 TxX. Therefore the bilinear
form in (4.1) can be rewritten as
Ψq :TxM × TxM → (TMX)x.
By [9, Lemma 2.4.1], we see that this bilinear form Ψq does not depend on the choice of the
point q ∈ Mˆ over x ∈ M . Moreover, by an elementary differential calculus, we can easily prove
that Ψq coincides with our second fundamental form
hM(·,·)x :TxM × TxM → (TMX)x
at x ∈ M .
4.3. Sign changes of characteristic cycles
Using the second fundamental form above, we describe the sign changes of the characteristic
cycles of constructible functions by the topological Radon transform RS .
We recall the setting. Let M be a closed connected subanalytic submanifold of X = Pn such
that dimM < n = dimX, r = min{dimZθx | θx ∈ T˙ ∗MX}. Then there exist an open dense suban-
alytic subset Ω1 ⊂ T˙ ∗MX and a locally closed subanalytic submanifold N ⊂ Y = Pn satisfying
dimN = (n− 1)− r and Φ(Ω1)⊂ T˙ ∗NY .
Definition 4.2. For θx ∈ T˙ ∗MX, we denote by IM(θx) the number (counted with multiplicities) of
non-positive eigenvalues of the second fundamental form
hM,θx (·,·) :TxM × TxM → R.
Now, let us state the main result of this section by using this IM(θx).
Theorem 4.3. Let M ⊂ X, Ω1 ⊂ T˙ ∗MX, N ⊂ Y be as above. Then for any θx ∈ Ω1 ⊂ T˙ ∗MX, we
have the equality
RμS
([T ∗MX])= (−1)IM(θx)[T ∗NY ]
in an open neighborhood of Φ(θx) ∈ T˙ ∗Y .N
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UX =
{[a0 : · · · : an] ∈X | a0 = 0}⊂ X,
UY =
{[b0 : · · · : bn] ∈ Y | bn = 0}⊂ Y.
As usual, we take a coordinate system (x1, . . . , xn) of UX (respectively (y0, . . . , yn−1) of UY )
given by x1 = a1/a0, x2 = a2/a0, . . . , xn = an/a0 (respectively y0 = b0/bn, y1 = b1/bn, . . . ,
yn−1 = bn−1/b0) and use the identification UX  Rnx1,...,xn (respectively UY  Rny0,...,yn−1 ). Then
the incidence submanifold S ⊂ X×Y can be written in the affine open subset UX ×UY ⊂ X×Y
in the following way.
S ∩ (UX ×UY ) =
{
(x1, . . . , xn, y0, . . . , yn−1)
∣∣∣ y0 + n−1∑
i=1
xiyi + xn = 0
}
.
Using the coordinate systems (x; ξ) = (x1, . . . , xn; ξ1, . . . , ξn), (y;η) = (y0, . . . , yn−1;η0, . . . ,
ηn−1) of T ∗UX and T ∗UY respectively, we also set
ΩX =
{
(x1, . . . , xn; ξ1, . . . , ξn) ∈ T ∗UX | ξn = 0
}⊂ T˙ ∗X,
ΩY =
{
(y0, . . . , yn−1;η0, . . . , ηn−1) ∈ T ∗UY | η0 = 0
}⊂ T˙ ∗Y.
Then by the description of S ∩ (UX ×UY ) above, we can easily show that Φ(ΩX) = ΩY and the
isomorphism Φ|ΩX :ΩX ∼−→ΩY is explicitly given by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
y0 = −
n−1∑
i=1
xiξi
ξn
− xn,
yj = ξj
ξn
(j = 1,2, . . . , n− 1),
η0 = −ξn,
ηj = −ξnxj (j = 1,2, . . . , n− 1).
This is the classical Legendre transform.
Now by a projective linear transform of X = Pn, we may assume that πX(θx) = 0 ∈
M ∩ UX and θx = pX := (0; (0, . . . ,0,1)) = (0;+dxn) ∈ T˙ ∗MUX . Set m = dimM < n and
x′ = (x1, . . . , xm). Then we may assume further that M has the form
M ∩UX =
{
x ∈ UX = Rnx
∣∣ xi = fi(x′) (i = m+ 1, . . . , n)}
in an open neighborhood of 0 ∈ Rnx , where fi ’s are real analytic functions satisfying the condi-
tions
fi(0) = ∂1fi(0) = · · · = ∂mfi(0) = 0.
This means that the embedded tangent plane of M at 0 ∈ M (i.e. the linear subspace of X = Pn of
dimension m= dimM having the same tangent space as M at 0 ∈UX) is given by the equations
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exists a partition p+ q + r + s = n− 1 of n− 1 satisfying p+ q + r = m = dimM and positive
real numbers a1, . . . , ap+q such that the function fn(x′) is developed into a Taylor series as
fn(x
′)= a1x21 + · · · + apx2p − ap+1x2p+1 − · · · − ap+qx2p+q + (higher order terms).
In this situation, we have Φ(pX) = (0; (−1,0, . . . ,0)) = (0;−dy0) ∈ T ∗UY . We set pY =
Φ(pX).
Recall that the submanifold N ⊂ Y satisfies the following property: There exists an open
neighborhood W of pX in T˙ ∗MX such that Φ(W) ⊂ T˙ ∗NY . We describe this N in the affine open
chart UY = Rny0,...,yn−1 and set y′′ = (y1, . . . , yp+q, ym+1, . . . , yn−1). Then by an elementary dif-
ferential calculus with the aid of the proof of [9, Proposition 2.5.3], the submanifold N ⊂ Y has
the form
N = {y ∈ UY | yi = gi(y′′) (i = 0,p + q + 1, . . . ,m)}
in an open neighborhood of 0 ∈UY , where gi ’s are real analytic functions satisfying
gi(0) = 0 and ∂jgi(0) = 0 for j = 1, . . . , p + q,m+ 1, . . . , n− 1.
Moreover, there exist positive real numbers b1, . . . , bp+q such that the function g0(y′′) is devel-
oped into a Taylor series as
g0(y
′′)= b1y21 + · · · + bpy2p − bp+1y2p+1 − · · · − bp+qy2p+q + (higher order terms).
In particular, the dimension of N is p + q + s = (n− 1)− r as is stated in Proposition 4.1.
Now, let us consider the sheaf CM ∈ DbR−c(X) which corresponds to 1M ∈ CF(X). Instead
of treating RS(1M) ∈ CF(Y ), we shall study the sheaf-theoretical Radon transform of CM ∈
Db
R−c(X)
RS(CM) := Rg∗f−1(CM) ∈ DbR−c(Y ).
From now on, we make use of the theory of simple sheaves developed by Kashiwara–Schapira
[19, Chapter VII]. Recall that CM is a simple sheaf with shift 12 codimM = 12 (s + 1) along
T˙ ∗MX at pX . In order to calculate the shift of the sheaf-theoretical integral transform RS(CM) 
Rp2!(CS ⊗p−11 CM), by Proposition 7.5.6 of [19], we have to calculate the Maslov index (for the
definition see [19, Appendix A.3]) of the following three Lagrangian planes in TpX(T ∗X).
λ0(pX) = TpX
(
π−1X πX(pX)
)
,
λT ∗MX(pX) = TpX(T ∗MX),
λ1(pX) = (Φ ′pX)−1
(
TpY
(
π−1Y πY (pY )
))
.
Using the coordinate system (x; ξ) of T ∗UX  pX , let us identify TpX(T ∗X) with R2nx,ξ . Also set
a1x
2 + · · · + apx2p − ap+1x2 − · · · − ap+qx2p+q =
∑m
j=1
cj x2. Then we have1 p+1 2 j
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{
(0, . . . ,0; ξ1, . . . , ξn) | ξ ∈ Rn
}
,
λT ∗MX(pX) =
{
(x1, . . . , xm,0, . . . ,0;−c1x1, . . . ,−cmxm, ξm+1, . . . , ξn)
| x′ ∈ Rm, ξm+1, . . . , ξn ∈ R
}
,
λ1(pX) =
{
(x1, . . . , xn−1,0;0, . . . ,0, ξn) | x1, . . . , xn−1, ξn ∈ R
}
and the Maslov index τ(λ0(pX),λT ∗MX(pX),λ1(pX)) is calculated as follows.
τ
(
λ0(pX),λT ∗MX(pX),λ1(pX)
)= {j | cj < 0} − {j | cj > 0} = q − p.
Therefore by Proposition 7.5.6 of [19] RS(CM) ∈ DbR−c(Y ) is a simple sheaf with shift
1
2
(s + 1)− 1
2
(n− 1)− 1
2
τ
(
λ0(pX),λT ∗MX(pX),λ1(pX)
)= 1
2
(1 − r − 2q)
along T ∗NY at pY . Since CN ∈ DbR−c(Y ) is a simple sheaf with shift 12 codimN = 12 (r + 1), we
obtain an isomorphism
RS(CM)  CN [−q − r]
in the category Db(Y ;pY ) (the localization of the derived category Db(Y ) at pY ∈ T˙ ∗Y ).
Hence we get
RμS
([T ∗MX])= CC(RS(1M))= CC(RS(CM))= (−1)q+r [T ∗NY ]
in an open neighborhood of pY . Together with the equality IM(θx) = q + r for θx = pX =
(0;+dxn) ∈ T˙ ∗MX, this completes the proof of Theorem 4.3. 
Remark 4.4. Let X = Pn, Y = Gn,k for 1  k  n − 1, S = {(l,L) ∈ X × Y | 0 ∈ l ⊂ L ⊂
R
n+1} and consider the topological Radon transform RS : CF(X) → CF(Y ) defined in Sec-
tion 3. Then also in this more general setting, we can prove some results analogous to The-
orem 4.3. Indeed for a locally closed subanalytic submanifold M ⊂ X, the sheaf-theoretical
Radon transform RS(CM) = Rp2!(CS ⊗ p−11 CM) ∈ Db(Y ) is a simple sheaf at generic points
of SS(RS(CM)) ∩ T˙ ∗Y thanks to [18, Corollary 7.3.5]. Hence the proof proceeds in the same
way as in Theorem 4.3. We will develop this idea in the forthcoming paper [24]. The results that
we obtain are related to associated varieties studied by Gelfand–Kapranov–Zelevinski [10].
The results obtained in this section can be summarized as follows.
Theorem 4.5. Let ϕ :X = Pn → Z be a constructible function and X = ⊔α∈AXα a μ-
stratification of X adapted to ϕ. For each stratum Xα satisfying dimXα < n = dimX, take an
open dense subset Ωα of T˙ ∗XαX such that
Ωα ⊂ T˙ ∗XαX
∖ ⊔
T ∗XβX.
β =α
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subanalytic submanifold Yα ⊂ Y = P∗n. Then for any stratum Xα such that dimXα < n = dimX,
we have
(i) The dimension of the space of nullity Zθx ⊂ TxXα of the second fundamental form
hXα,θx (·,·) :TxXα × TxXα → R (4.2)
(with respect to the canonical metric of X = Pn) does not depend on θx ∈ Ωα and is equal
to (n− 1)− dimYα .
(ii) For each θx ∈Ωα ⊂ T˙ ∗XαX, denote by IXα (θx) the number of non-positive eigenvalues of the
second fundamental form (4.2) (counted with multiplicities). Assume that
CC(ϕ) = mα[T ∗XαX]
for an integer mα ∈ Z in an open neighborhood of θx . Then we have
CC
(RS(ϕ))= (−1)IXα (θx)mα[T ∗YαY ]
in an open neighborhood of Φ(θx) ∈ T˙ ∗YαY .
Remark 4.6. Although we devoted ourselves to studying the real case in Theorems 4.3 and 4.5,
we can also easily recover the main results of Ernström [8] in the complex case along the
same line. Indeed, the sign changes of characteristic cycles via the topological Radon trans-
form between two complex projective spaces can be computed with the help of Exercise A.7 of
Kashiwara–Schapira [19].
5. Applications to real projective duality
In this section, we apply the results obtained in previous sections to the duality of real pro-
jective varieties M ⊂ Pn. When M is smooth, we show that the Euler–Poincaré indices of the
hyperplane sections M ∩ H of M can be expressed in terms of the singularities of the dual
M∗ ⊂ P∗n of M . More precisely, we obtain a result (see Theorems 5.13 and 5.14 below) which
relates the tangency of a hyperplane H to M with the singularities of M∗ at H ∈M∗ ⊂ P∗n. This
is an analogue of Ernström [8, Corollary 3.9] in the real setting.
5.1. Some properties of Legendre singularities
Let X be a real analytic manifold. In this subsection, we prove some basic results on subana-
lytic subsets Z ⊂ X defined as projections of closed conic subanalytic Lagrangian submanifolds
Λ ⊂ T˙ ∗X. Such singular sets Z are called Legendre singularities and studied by many people
especially in relation with geometric optics.
Definition 5.1. We say that a conic subanalytic subset Λ⊂ T˙ ∗X is projective if Λ is invariant by
the antipodal map αT ∗X : T˙ ∗X ∼−→ T˙ ∗X.
Note that Λ ⊂ T˙ ∗X is projective if and only if there exists a subanalytic subset Λ′ in the
projective cotangent bundle P ∗X = T˙ ∗X/R× such that Λ = γ−1(Λ′) for γX : T˙ ∗X P ∗X.X
214 Y. Matsui, K. Takeuchi / Advances in Mathematics 212 (2007) 191–224Proposition 5.2. Let Λ ⊂ T˙ ∗X be a closed conic subanalytic Lagrangian submanifold (in par-
ticular Λ is smooth). Assume that Λ is projective. Then
(i) Z = π˙X(Λ) ⊂ X is a closed subanalytic subset such that Λ = T ∗ZregX ∩ T˙ ∗X, where Zreg is
the smooth part of Z.
(ii) Assume moreover that γX(Λ) ⊂ P ∗X is connected. Then Z is connected and equidimen-
sional (i.e. the dimension dimx Z of Z at x ∈Zreg does not depend on x).
Proof. (i) Consider a closed subanalytic submanifold Λ′ = γX(Λ) ⊂ P ∗X which satisfies
Λ = γ−1X (Λ′). Then we have Z = π ′(Λ′) for π ′ :P ∗X → X. Since π ′ is proper, Z is a closed
subanalytic set.
Let us prove the remaining assertion when Λ′ is connected. We take a μ-stratification (see
[19, Chapter VIII]) X =⊔α∈AXα of X refining the partition X = (X \ Z) unionsq Zreg unionsq Zsing and
satisfying the condition Λ ⊂⊔α∈A T ∗XαX, where we set Zsing = (Z \Zreg). Then we can choose
a subset {αi}i∈I ⊂ A such that
(a) Xαi ⊂ Zreg and dimXαi = dimx Zreg for any x ∈ Xαi ,
(b) ⋃i∈I Xαi = Z,
because Zreg is open dense in Z. For each Xαi (i ∈ I ), there exists an open neighborhood U
of Xαi in X such that
Λ∩ π˙−1X (U) ⊂ π˙−1X (Xαi ).
Since Λ is a conic Lagrangian submanifold of T˙ ∗X, it follows from Kashiwara’s famous argu-
ment (see the proof of Proposition 8.3.10 of [19]) that
Λ∩ π˙−1X (U) ⊂ T˙ ∗Xαi X.
Together with the assumption that Λ is projective and π˙X(Λ ∩ π˙−1X (U)) = Xαi (Xαi ⊂ Z =
π˙X(Λ)), we obtain
Λ∩ π˙−1X (Xαi )= T˙Xαi X.
Therefore the inclusion
T ∗ZregX =
⋃
i∈I
T ∗Xαi X ⊂ Λ
in T˙ ∗X was proved. In order to prove that this is in fact an equality, denote by d the maximal
rank of the map π˙X on Λ. Since Λ′ = γX(Λ) is assumed to be connected and the map π˙X is real
analytic, there exists an open dense subset ΩΛ of Λ such that the rank of π˙X is d at any point
of ΩΛ. This shows that all strata Xαi ’s for i ∈ I are d-dimensional and
T ∗ZregX =
⋃
i∈I
T ∗Xαi X
coincides with Λ in T˙ ∗X. Note that in this case Z is equidimensional.
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compose Λ′ ⊂ P ∗X into connected components as Λ′ =⊔j∈J Lj and set Λj = γ−1X (Lj ) and
Zj = π˙X(Λj ). Then by the result above, we have
T ∗Zj,regX = Λj for each Λj .
Hence it suffices to prove that for each j ∈ J the set Zj,reg \ (⋃j ′ =j Zj ′) is open dense in Zj,reg.
Lemma 5.3. For j, j ′ ∈ J satisfying j = j ′, we have
dim(Zj,reg ∩Zj ′,sing) < dimZj,reg.
Proof. To prove this by a contradiction, assume first that dim(Zj,reg ∩ Zj ′,sing) = dimZj,reg.
Take a μ-stratification Zj ′ = ⊔β∈B Zj ′,β of Zj ′ such that there exists β ∈ B satisfying the
conditions Zj ′,β ⊂ Zj,reg ∩ Zj ′,sing and dimZj ′,β = dimZj . Then by a fundamental property
of μ-stratifications, Λj ′ = T ∗Zj ′,regX must intersects with T˙ ∗Zj ′,βX. Since we have
T˙ ∗Zj ′,βX ⊂ T˙ ∗Zj,regX ⊂ Λj,
this contradicts our assumption Λj ∩Λj ′ = ∅. 
Let us come back to the proof of Proposition 5.2. For j = j ′, it follows also from Λj ∩Λj ′ = ∅
in Lemma 5.3 that Zj ′,reg must intersect with Zj,reg transversally. Together with the previous
result dim(Zj,reg ∩ Zj ′,sing) < dimZj,reg, this implies that Zj,reg \ Zj ′ is open dense in Zj,reg.
Since the family of sets {Zj ′ }j ′ =j is locally finite by the real-analyticity of Λ, this completes the
proof of (i).
(ii) Since Z is the image of the connected manifold Λ′ = γX(Λ) ⊂ P ∗X by π ′ :P ∗X → X,
Z is also connected. The equidimensionality of Z was already proved in (i). 
Remark 5.4. In the C∞-category, a result very close to the proposition above was obtained also
in Ishikawa–Morimoto [14].
5.2. Dual varieties in the real analytic case
Now let us return our original situation: X = Pn and Y = P∗n, etc. We consider a real an-
alytic submanifold M of X. Then since the conormal bundle T˙ ∗MX is projective in the sense
of Definition 5.1, (π˙Y ◦ Φ)(T˙ ∗MX) is a closed subanalytic subset of Y by Proposition 5.2. If
moreover M is connected, the image of the Lagrangian submanifold Φ(T˙ ∗MX) ⊂ T˙ ∗Y by the
projection γY : T˙ ∗Y  P ∗Y is connected, too. Therefore by Proposition 5.2, the subanalytic set
(π˙Y ◦Φ)(T˙ ∗MX)⊂ Y is equidimensional.
Definition 5.5. Let M ⊂ X = Pn be a connected real analytic submanifold. We call the closed
subanalytic set M∗ = (π˙Y ◦Φ)(T˙ ∗MX) the dual of M .
We shall explain a method to facilitate the computation of the dual M∗ and give some exam-
ples.
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T˙ ∗S (X × Y)
p˜1
∼
p˜2a
∼
T˙ ∗X T˙ ∗Y
for the case of X = Pn, Y = Gn,n−1  P∗n and S = {(l,H) ∈X × Y | 0 ∈ l ⊂ H }. By projectiviz-
ing this diagram we obtain
P ∗S (X × Y)
pˇ1
∼
pˇ2
a
∼
P ∗X P ∗Y.
(5.1)
The projective cotangent bundle P ∗X = T˙ ∗X/R× in (5.1) can be naturally identified with the
incidence submanifold S ⊂ X × Y in the following way. For the pair (l,H) ∈ S, consider the
point x0 = lˇ ∈ X = Pn (respectively the hyperplane Hˇ ⊂ X = Pn passing through x0) which
corresponds to l (respectively H ). Then we get a point (T ∗
Hˇ
X)x0 ∈ P ∗X. We thus obtained an
isomorphism ρX :S ∼−→ P ∗X. Since Y = Gn,n−1 is identified with the dual projective space P∗n =
({Rn+1}∗ \ {0})/R×, similarly we have an isomorphism ρY :S ∼−→ P ∗Y . The following lemma is
well known.
Lemma 5.6. The diagram
P ∗X P ∗S (X × Y)∼
pˇ1
pˇ2
a
S
ρX 
ρY
∼
P ∗Y
is commutative.
The proof of this lemma immediately follows from the explicit description of the map Φ =
(p˜2
a ◦ p˜1−1) : T˙ ∗X ∼−→ T˙ ∗Y in the proof of Theorem 4.3. Indeed, in standard affine charts of X =
Pn and Y = P∗n, the map Φ is nothing but the classical Legendre transform. Furthermore in
the homogeneous coordinates [a] = [a0 : a1 : · · · : an] and [b] = [b0 : b1 : · · · : bn] of X and
Y respectively, the projectivization Φˇ = (pˇ2a ◦ pˇ1−1) :P ∗X ∼−→ P ∗Y of Φ is simply given by
([a]; [b]) → ([b]; [a]) (∑nj=0 ajbj = 0 ⇔ ([a]; [b]) ∈ S). This shows the triviality of the map Φˇ .
Now, let M ⊂ X = Pn be a connected real analytic submanifold as before. Then by the above
transparent description of the map Φˇ :P ∗X ∼−→ P ∗Y , in order to compute the dual M∗ of M ,
it suffices to take the projectivized conormal bundle P ∗MX in P ∗X  P ∗Y and push it down to
Y = P∗n. The same argument in the complex case is well known and can be found, for example,
in Fischer–Piontkowski [9].
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from a smooth submanifold M ⊂ X, the dual M∗ may become very singular. In the complex
case, we know moreover that the dual of a smooth projective variety is almost always singular.
Example 5.7.
(i) Let ιn :P1 ↪→ Pn be the real Veronese embedding given by [x : y] → [xn : xn−1y : · · · :
xyn−1 : yn] and set M = ιn(P1) ⊂ Pn. Then the dual M∗ ⊂ P∗n is a hypersurface defined by
the classical discriminant for polynomials of degree n.
(ii) For nm, we consider the real Segre embedding ιn,m :Pn ×Pm ↪→ P(n+1)(m+1)−1 given by
([x0 : · · · : xn], [y0 : · · · : yn]) → [· · · : xiyj : · · ·]. Set M = ιn,m(Pn × Pm) ⊂ P(n+1)(m+1)−1.
Then the dual defect δ∗(M) of M (see (5.2) below) is n−m. Indeed, let M(n+1),(m+1) be the
space of real (n+1)× (m+1) matrices and identify the dual projective space P∗(n+1)(m+1)−1
with its projectivization P(M(n+1),(m+1)). Then the dual M∗ ⊂ P∗(n+1)(m+1)−1 is explicitly
written by
M∗ = P({A ∈M(n+1),(m+1) | rankAm}).
Therefore the dual M∗ has a stratification defined by the ranks of matrices. From this, we
see that the dual M∗ has very complicated singularities.
As we have already observed in Proposition 4.1, the dimension of the dual M∗ is determined
by the non-degeneracy of the curvature of M . Namely, using the space of nullity Zθx ⊂ TxM of
the second fundamental form
hM,θx (·,·) :TxM × TxM → R
for each θx ∈ T˙ ∗MX (see Section 4), we have
dimM∗ = (n− 1)− min{dimZθx | θx ∈ T˙ ∗MX}.
This implies that the codimension of the dual M∗ in Y = P∗n is one in almost all cases. Hence we
define the dual defect δ∗(M) 0 of M by
δ∗(M) = (n− 1)− dimM∗ = min{dimZθx | θx ∈ T˙ ∗MX}. (5.2)
Similarly for the dual M∗ ⊂ Y , we consider the second fundamental form
hM∗reg,θy (·,·) :TyM∗reg × TyM∗reg → R
associated with θy ∈ T˙ ∗M∗regY and its space of nullity Z ′θy ⊂ TyM∗reg. We take and fix an open dense
projective subset ΩM∗ ⊂ T˙ ∗M∗regY such that
dimZ ′θy = min{dimZ ′θy′ | θy′ ∈ T˙ ∗M∗regY }
for any θy ∈ ΩM∗ .
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tiplicities) of positive eigenvalues of the second fundamental form
hM∗reg,θy (·,·) :TyM∗reg × TyM∗reg → R
and set JM∗(θy) = jM∗(θy)+ δ∗(M).
From now on, for the connected real analytic submanifold M ⊂ X = Pn, we study the topo-
logical Radon transform ϕ :=RS(1M) ∈ CF(Y ) of the function 1M ∈ CF(X). This constructible
function ϕ on Y = P∗n is especially important because its value at y = H ∈ Y = P∗n is the Euler
characteristic χ(M ∩H) of the hyperplane section M ∩H of M .
Theorem 5.9.
(i) Outside the zero-section of T ∗Y , the set T ∗M∗regY is a smooth Lagrangian submanifold of T
∗Y
and coincides with |CC(ϕ)|.
(ii) In an open neighborhood of θy ∈ ΩM∗ , we have the equality
CC(ϕ) = (−1)JM∗ (θy)[T ∗M∗regY ].
Proof. The assertion (i) is an immediate consequence of Proposition 5.2 and the definition of the
dual M∗ of M . Also the assertion (ii) easily follows from the proof of Theorem 4.3. Indeed, in the
notations of Section 4.3 (see Definition 4.2), we have JM∗(θy) = IM(θx) where θx = Φ−1(θy) ∈
T˙ ∗MX is the corresponding microlocal point. 
5.3. A refinement of Euler integrals
In order to state our main theorems, we prepare some auxiliary results on constructible func-
tions in this subsection.
Let ϕ :X → Z be a constructible function on a real analytic manifold X and U ⊂ X an open
subanalytic subset. If the support of ϕ is compact in U , then we know that the Euler integral∫
U
ϕ of ϕ over U is well defined. We can slightly extend this definition to some cases where
the support of ϕ is not necessarily compact in U . Namely, assuming that U ⊂ X is a relatively
compact open subanalytic subset in X, we have the following definition.
Definition 5.10. Let U ⊂ X be a relatively compact open subanalytic subset in X. For ϕ ∈
CF(X), we set ∫
U
ϕ :=
∫
X
1U · DXϕ,
where DXϕ ∈ CF(X) is a constructible function defined by
DXϕ(x) = lim
ε→+0
∫
X
1B(x,ε) · ϕ
for each x ∈X (B(x, ε) is an open ball with radius ε centered at x).
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functor DX : DbR−c(X)
∼−→ Db
R−c(X). The next proposition justifies the definition above.
Proposition 5.11. Let U be a relatively compact open subanalytic subset in X and F ∈ Db
R−c(X).
Consider the constructible function χ(F ) ∈ CF(X) obtained from F by taking the local Euler–
Poincaré indices (see Theorem 2.5). Then we have∫
U
χ(F ) =
∑
j∈Z
(−1)j dimHj(U ;F) = χ(U ;F).
Proof. Set j :U ↪→X and G = RΓU(F)  Rj∗j−1F ∈ DbR−c(X). Then we have
RΓ (U ;F)  RΓ (X;RΓU(F))= RΓ (X;G).
Since RΓ (X;G) RΓc(X;G) and RΓ (X;DXG) are dual to each other, we get also χ(X;G) =
χ(X;DXG). Therefore applying χ : KR−c(X) ∼−→ CF(X) to the isomorphisms
DXG = DXRΓU(F)  DXDX(CU ⊗DXF)  CU ⊗DXF,
we obtain χ(DXG) = 1U · DX(χ(F )) and the result follows. 
5.4. Reconstruction theorems: Main theorems
Let us now introduce our main theorems which enable us to completely reconstruct the whole
function ϕ =RS(1M) from its value at a point y = H ∈ Y \ M∗ and the singularity of the dual
set M∗. Namely, we shall describe the topological jump
χ(M ∩H ′)− χ(M ∩H) = ϕ(H ′)− ϕ(H)
at y′ = H ′ ∈ M∗ in terms of the singularity of M∗ at H ′. Although we cannot define Euler
obstructions (see [8,16,20], etc. for the definition) for subanalytic sets, we obtain the following
results surprisingly similar to the ones in [8]. Let us take and fix a μ-stratification Y =⊔α∈A Yα
of Y refining the dual set M∗ ⊂ Y (we always assume that all strata in a μ-stratification are
connected). Then we have
Proposition 5.12. The function ϕ =RS(1M) is constant on each stratum Yα .
Proof. Consider the R-constructible sheaf F = Rg∗f−1CM ∈ DbR−c(Y ) on Y satisfying χ(F ) =
ϕ = RS(1M). Since F is a simple sheaf in the sense of Chapter VII of [19] outside the zero-
section of T ∗Y , the micro-support SS(F ) of F satisfies the condition
SS(F )∩ T˙ ∗Y = ∣∣CC(ϕ)∣∣∩ T˙ ∗Y = T ∗M∗regY ∩ T˙ ∗Y.
From this, we obtain
SS(F ) ⊂
⊔
α∈A
T ∗YαY
and the result follows from Proposition 8.4.1 of [19]. 
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tum Yα . Thanks to the next theorem, we can recursively determine the values {ϕα}α∈A of the
function ϕ by induction on the codimensions of Yα’s in Y .
Theorem 5.13. Let k  codimM∗. Suppose that we have already determined the values ϕα’s of ϕ
on all strata Yα’s satisfying codimYα  k and let Yβ be a stratum such that codimYβ = k + 1.
For a point y ∈ Yβ , choose a real-valued real analytic function ψ defined on a neighborhood of
y satisfying the conditions ψ−1(0) ⊃ Yβ and(
y;gradψ(y)) ∈ T˙ ∗Yβ Y∖ ⋃
α =β
T ∗YαY .
Then the value ϕβ of ϕ on Yβ is given by
ϕβ =
∫
B(y,ε)∩{ψ<0}
ϕ (5.3)
for sufficiently small ε > 0. Here we used the Euler integral defined in Definition 5.10.
Proof. As in the proof of Proposition 5.12, let us consider the R-constructible sheaf F =
Rg∗f−1CM ∈ DbR−c(Y ) such that χ(F ) = ϕ. Then by our assumption (y;gradψ(y)) /∈⋃
α =β T ∗YαY and Theorem 5.9 (i), we obtain(
y;gradψ(y)) /∈ ∣∣CC(ϕ)∣∣∩ T˙ ∗Y = SS(F )∩ T˙ ∗Y.
In particular, this implies that χ(RΓ{ψ0}(F )y) = 0 (to obtain this result, we may also apply
the simplest case of the main theorem of [28] to the R-constructible sheaf F ). Therefore for
sufficiently small ε > 0, we obtain
ϕβ = χ(Fy) = χ
(
RΓ
(
B(y, ε)∩ {ψ < 0};F ))= ∫
B(y,ε)∩{ψ<0}
χ(F )
=
∫
B(y,ε)∩{ψ<0}
ϕ.
This completes the proof. 
Note that when we denote B(y, ε)∩ {ψ < 0} by simply B , we can rewrite (5.3) as
ϕβ =
∑
α: Yα∩B =∅
ϕα
{
χ(Yα ∩B)− χ(∂Yα ∩B)
}
by using the topological Euler characteristics. So our recursive formula above for the description
of the function ϕ =RS(1M) is very similar to the one used in the definition of Euler obstructions
in the complex case. For example, compare the statement of Theorem 5.13 with the definition of
Euler obstructions in Kashiwara [16].
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Yα0 ⊂ Y \M∗ is already given. Since the function ϕ is locally constant on Y \M∗, this is equiv-
alent to give the value of ϕ on a connected component of Y \M∗. If the codimension of the dual
M∗ in Y is one, the values of ϕ on various connected components of Y \ M∗ may be different
from each other. This shows that the real projective duality is much subtler than the complex case
studied by Ernström [8]. We can, however, describe the differences in terms of the curvature of
M∗ completely, by the next theorem which is an immediate consequence of Theorem 5.9(ii).
Theorem 5.14.
(i) Suppose that dimM∗ < n − 1, i.e. δ∗(M) > 0. Then on Y \ M∗, the function ϕ =RS(1M)
takes the constant value ϕα0 . Furthermore, for a stratum Yα such that Yα ⊂ M∗reg and
dimYα = dimM∗, the value ϕα on Yα is equal to ϕα0 + (−1)JM∗ (θy), where θy is a point in
T˙ ∗YαY ∩ΩM∗ .(ii) Suppose that M∗ is a hypersurface in Y . For each point y ∈ Y \ M∗, take a smooth curve
cy : I = [0,1] → Y connecting a point in Yα0 and y passing only Y \ M∗ and (n − 1)-
dimensional strata in M∗reg. We assume that the curve cy intersects transversally with
(n− 1)-dimensional strata in M∗reg only at points in πY (ΩM∗). We start with the value ϕα0 at
cy(0) ∈ Yα0 , and whenever we pass through an (n− 1)-dimensional stratum Yα ⊂ M∗reg at a
point yα ∈ Yα we add the integer (−1)JM∗ (θyα )− (−1)JM∗ (−θyα ), where θyα ∈ ΩM∗ ⊂ T˙ ∗M∗regY
is a point lying over yα such that 〈θyα , c′y(t)〉 > 0 (cy(t) = yα). Then the value at cy(1) = y
which we finally obtain is equal to ϕ(y).
(iii) In the situation of (ii), also the values of ϕ on (n − 1)-dimensional strata in M∗reg can be
determined by the following rule. Take such a stratum Yα ⊂ M∗reg and consider the two
strata Yα1 and Yα2 in Y \ M∗ such that Yα ⊂ Yαi (i = 1,2). If ϕα1 and ϕα2 are different by
±2, then ϕα is equal to 12 (ϕα1 + ϕα2). Otherwise, ϕα1 and ϕα2 are the same, and we have
ϕα = ϕα1 + (−1)JM∗ (θy) for a point θy in T˙ ∗YαY ∩ΩM∗ .
5.5. Helgason’s support theorem for constructible functions
To end this paper, we shall give an analogue of Helgason’s support theorem (see Helgason’s
book [13]) for topological Radon transforms.
Theorem 5.15. Let K ⊂ Rn be a compact convex subset and ϕ ∈ CF(Rn) a constructible function
on Rn such that {x ∈ Rn | ϕ(x) = 0} is a compact set in Rn. Assume that for any hyperplane H ⊂
R
n such that H ∩ K = ∅, we have ∫
H
ϕ = 0. Then supp(ϕ) = {x ∈ Rn | ϕ(x) = 0} is contained
in K .
Proof. We essentially follow the microlocal proof of Helgason’s support theorem given by
Boman–Quinto [3].
Set X = Pn, Y = P∗n and consider the standard affine open subset UX  Rn of X as before.
Identifying Rn with UX , we extend ϕ ∈ CF(Rn) to a constructible function ϕ˜ on X = Pn so that
ϕ˜|X\UX is identically zero. Consider the topological Radon transform RS(ϕ˜) of ϕ˜. Then, by our
assumption, Corollary 3.7 and the explicit description of the map Φ : T˙ ∗X ∼−→ T˙ ∗Y given in the
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CC(ϕ) of ϕ satisfies the condition
∣∣CC(ϕ)∣∣∩ T˙ ∗HRn = ∅.
Using this result, we can easily prove our theorem as follows. For d > 0, define an open
neighborhood of K by O(K;d) = {x ∈ Rn | dist(x,K) < d}. Assuming that supp(ϕ) is not
contained in K , consider the smallest positive number d > 0 such that O(K;d) ⊃ supp(ϕ).
Then at any point x ∈ O(K;d) \ O(K;d), we can take a function ψ :Rn → R of the form
ψ(x) = a0 +∑ni=1 aixi (ai ∈ R) such that {x ∈ Rn | ψ(x)  0} ⊃ O(K;d) ⊃ supp(ϕ) and the
hyperplane H = {x ∈ Rn | ψ(x) = 0} defined by ψ satisfies x ∈ H and H ∩ K = ∅. Now by
the simplest case of the main theorem of Schürmann [28], from |CC(ϕ)| ∩ T˙ ∗HRn = ∅ we obtain
χ(RΓ{ψ0}(F )x) = 0 for F ∈ DbR−c(Rn) such that χ(F ) = ϕ. Therefore we get
ϕ(x) = χ(Fx) = χ
(
RΓ
(
B(x, ε)∩ {ψ > 0};F ))
for sufficiently small ε > 0. Since ϕ|{ψ>0} is identically zero, using Proposition 5.11, we finally
obtain
ϕ(x) = χ(RΓ (B(x, ε)∩ {ψ > 0};F ))= 0.
This means that ϕ is zero in an open neighborhood of x. Applying the same arguments to each
x ∈ O(K;d)\O(K;d) we find that there exists d ′ > 0 such that d ′ < d and O(K;d ′) ⊃ supp(ϕ).
This contradicts the minimality of d > 0. 
Remark 5.16. Theorem 5.15 does not hold for any constructible function on Rn. Even for con-
structible functions having closed supports, there are some counterexamples. Let us give a very
simple example. In R2 consider the following disjoint subsets.
K = {(x1, x2) ∈ R2 ∣∣ x21 + x22  2},
A1 =
{
(x1, x2) ∈ R2
∣∣ x21 + x22 > 2, x1 = 1},
A2 =
{
(x1, x2) ∈ R2
∣∣ x21 + x22 > 2, x1 = −1}.
We define a constructible function ϕ :R2 → Z on R2 by
ϕ(x)=
⎧⎨⎩
1, x ∈ K ∪A1,
−1, x ∈ A2,
0, otherwise.
Then supp(ϕ) = {x ∈ R2 | ϕ(x) = 0} is a non-compact closed subset of R2 and for any line l in
R
2 such that l ∩K = ∅ we have ∫
l
ϕ = 0. However supp(ϕ) is not contained in K in this case.
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